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Abstract
We demonstrate, by giving a specific example, that supersymmetry can be left unbroken
without running into conflict with observation. The key idea is to employ a discrete form of
supersymmetry. Amongst other interesting features, this construction goes roughly half the
way in removing the hierarchy between the observed cosmological constant and the vacuum
energies expected from field theory.
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1 Introduction
Paradoxically, the standard model provides too much and too little matter at the same time.
Too little, because it only accounts for about 5% of the matter-energy in the universe [1].
Too much, because already the standard model vacuum energy overestimates the actually
observed cosmological constant by about 120 orders of magnitude [2–4], which is also known
as the cosmological constant problem [5–7].
This paper presents a simple idea how to resolve this situation and kill two birds with
one shot using discrete supersymmetry. How can we have more matter with less vacuum
energy? Roughly, this can be answered by analogy with the supersymmetric harmonic
oscillator [8–10]: Introduce supersymmetric partners that provide dark matter, but which
cancel, by virtue of being superpartners, the vacuum energy. In this note, we will see that
this remarkably simple idea goes a long way for usual matter with standard-model-type
interactions.
In order to make the superpartners dark, we assume that they couple only via gravity
to visible matter. This is possible for discrete supersymmetry and allows, at the same time,
to leave it unbroken without implying sizable couplings to the superpartner fields. To not
obscure the central mechanism of the model by the detailed structure of the full standard
model, we illustrate all constituents, for simplicity, through a massive Majorana fermion
that couples via a Yukawa interaction.
2 Free Theory
In this section, we will introduce a simple Fermi-Bose system with a discrete symmetry
transformation interchanging fermionic with the bosonic degrees of freedom. We will show
that this is an on- and off-shell symmetry of the total Lagrangian, with the kinetic and mass
terms transforming independently, if and only if the bosons and fermions have the same
mass. We will see that this mass degeneracy is stable under one-loop quantum corrections
in Sec. 5. Even though we will first concentrate on the free theory, later, in Sec. 4, we will
extend the model by including a Yukawa interaction.
As announced, we illustrate the essential mechanism using a massive four-component
Majorana field Ψi ∈ C4, i = 1, 2, 3, 4, plus superpartner fields consisting of two real physical
scalar fields A and B and two auxiliary real scalar fields F and G. As dynamics, we employ
the four-dimensional free Wess-Zumino model [11], which has the Lagrangian densities
Ls = 1
2
(∂µA∂
µA+ ∂µB∂
µB + F 2 +G2)
+ m(AF +BG) (1)
and
Lf = i
2
γµijΨi ∧ ∂µΨj −
m
2
Ψi ∧Ψi, (2)
where m is the mass, Ψ = Ψ†γ0, and γµ, with µ = 0, 1, 2, 3, are the gamma matrices. In
(2), the symbol ∧ denotes the product for the Grassmann algebra over the four-dimensional
2
complex vector space C4. For the gamma matrices, we adopt the chiral representation, which
is given by
γµ =
(
0 σµ
σµ 0
)
, (3)
where σµ = (12,σ)
µ, σµ = (12,−σ)µ, and σi (i = 1, 2, 3) are the Pauli matrices.
Let us now identify a discrete symmetry that maps Ls onto Lf and vice versa. For this
purpose, we first organize the c-number-valued fields in (1) into a scalar four-component
object ξi ∈ R4, i = 1, 2, 3, 4, as
ξ = (A,B, F,G)T , (4)
such that the scalar Lagrangian density in (1) becomes
Ls = 1
2
ξT
(−∂µ∂µ · 12 m · 12
m · 12 12
)
ξ. (5)
In addition, we will go to momentum space by using the Fourier coefficients Ψ˜(p) and ξ˜(p)
of the fields, which are respectively defined by Ψ(x) =
∫
[d4p/(2pi)4]Ψ˜(p)e−ipx and ξ(x) =∫
[d4p/(2pi)4]ξ˜(p)e−ipx, where x = (xµ) = (t,x) denotes the spacetime coordinates.
On the symmetric and the Grassmann algebra for the bosonic and fermionic fields, we can
then define a discrete supersymmetry transformation U that leaves the total free Lagrangian
L0 = Ls + Lf invariant by mapping
U : ϕp(i, j)K(Ψ˜(p))
∗
i ∧K(Ψ˜(p))j ↔ N(ξ˜(p))∗iN(ξ˜(p))j, (6)
where K,N : C4 → C4 are invertible linear transformations, ϕp(i, j) is a momentum-
dependent phase, and the indices i and j satisfy i ≤ j, with (i, j) taking the values (i, i) or
(i, i+ 2). The cases i > j follow after anticommuting the fermionic factors on the left-hand
side. In (6), the value of the phase is ϕp(i, j) = −1 for i 6= j and will be specified for i = j as
a function of p below. Since the discrete symmetry in (6) exchanges products of fermionic
and bosonic fields, we will call the mapping U a discrete supersymmetry transformation.
Up to phases, the individual factors in the product in (6) transform as
U : K(Ψ˜(p))i ↔ N(ξ˜(p))i, (7)
and correspondingly for the complex conjugated fields. Since, however, the left-hand sides
in (6) and (7) belong to different exterior powers of the Grassmann algebra, we will employ
(6) for a description of the discrete supersymmetry of the free theory.
Representing in momentum space K and N respectively by invertible, momentum-
dependent 4 × 4 matrices (Kij) and (N ij), we assume, in the basis defined by (3) and
(4), that these satisfy for arbitrary momenta
ϕp(i, j)(K
∗i
k D
k
lK
l
j) = diag (σ
µpµ, σ
µpµ) , (8a)
(N∗ik D
k
lN
l
j) = diag
(
p2 · 12,12
)
, (8b)
where (Dkl) is the 4× 4 matrix representation of a map D : C4 → C4 to be specified below,
and pµ is the momentum. We see from (8a) that the role of (K
i
j) and (N
i
j) is to bring
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Figure 1: Quiver representation for the mappings K,N, and D in momentum space.
the fermionic and scalar kinetic terms to a common form, (Dij), which will turn out to be
diagonal. We also observe in (8a) that (Kji) appears quadratically in a product giving a
first-order differential operator, and can, thus, be interpreted as a fractional derivative [12].
Fig. 1 shows a quiver representation (see, for example, [13]) for K,N, and D. The vertices
correspond to the vector spaces for Ψ˜(p) and ξ˜(p), whereas the arrows represent the mappings
K,N, and D between them. A closed loop denotes an endomorphism. Since both complex
vector spaces are four-dimensional, this quiver representation has a dimension vector (4, 4).
The figure illustrates that, as we will see in Sec. 3, the mapping K sends the vector space
of spinor representations, which contains Ψ, onto a vector space of Lorentz singlets, where ξ
lives. The mappings N and D act on the latter vector space.
Applying for momentum p the transformation in (6) and (8) to the kinetic terms in (2)
and (5), we see that
1
2
(γ0γµpµ)
i
jΨ˜
∗
i ∧ Ψ˜j =
1
2
∑
i,j
ϕp(i, j)D
k
lK
∗i
k Ψ˜
∗
i ∧K ljΨ˜j
↔ 1
2
DklN
∗i
k ξ˜
∗
iN
l
j ξ˜
j =
1
2
ξ˜†
(
p2 · 12 0
0 12
)
ξ˜, (9)
where we have used that (Dkl) is diagonal, which leads to the case i = j in (6), and suppressed
the common argument p of the Fourier coefficients. We thus find that U maps the fermionic
onto the scalar kinetic term and vice versa. Later, we will show that the mass terms are
invariant under discrete supersymmetry, too.
Let us now give an explicit representation of K,N, and D in momentum space. These
mappings have to satisfy the relations in (8), which can be fulfilled for arbitrary on- and
off-shell momenta p. In formulating these representations, we will distinguish the cases of
timelike, lightlike, and spacelike momenta. When suitable, we will from now on denote the
matrix representations by the same symbol as the corresponding mappings.
For timelike off-shell momenta p, we can choose D = 14 and
K = (p2)
1
4S(Λp)
−1, N =
(√
p2 · 12 0
0 12
)
, (10)
where S(Λp) is a 4×4 spinor representation of the Lorentz transformation Λp : Ψ→ S(Λp)Ψ
that takes the fermion from momentum (p′0, 0, 0, 0)
T in the rest frame to momentum p.
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If p is timelike and on shell, we can take D = 14 and
K = (p2)
1
4O±S(Λp)−1, N = O−
(√
p2 · 12 0
0 12
)
, (11)
where O± are the matrices
O± = 1√
2
(
12 ±12
∓12 12
)
(12)
In the first equation in (10), we assume O+ for p0 > 0 and O− for p0 < 0. Actually, we
require in (12) that the matrices O± are only defined up to unitary rotations of the 2 × 2
subspaces that are implied by the block structure. The matrices O± serve the purpose to
extract the physical components of Ψ˜ and ξ˜, for on-shell momenta. For example, N(ξ˜(p))
becomes N(ξ˜(p)) =
√
2m
(
A˜(p), B˜(p), 0, 0
)T
, if p is on shell.
For spacelike momenta p, we can adopt D = diag(−1, 1, 1,−1) and
K = |p2| 14ΣS(Λp)−1, N = P13
(√|p2| · 12 0
0 12
)
, (13)
where S(Λp) is a Lorentz transformation matrix that sends the fermion from momentum
(0, p′0, 0, 0), with |p′0| = |
√−p2|, to p and Σ = 1√
2
diag(12 − iσ2,12 − iσ2), which is unitary
and commutes with γ0. Moreover, P13 is the 4×4 permutation matrix that interchanges the
1st with the 3rd row. The function of Σ is to diagonalize σµpµ and σ
µpµ in (8a), and P13
changes the ordering of the elements in D in order to match the structure in (8b).
Correspondingly, for lightlike momenta, we can pick D = diag(0, 1, 1, 0) and
K =
√
2p0Σ
−1S(Λp)−1, N = P24
(
2p0 · 12 0
0 12
)
, (14)
where S(Λp) denotes a Lorentz transformation matrix that takes the fermion from momen-
tum (p′0, p
′
0, 0, 0) to p and P24 is the 4×4 permutation matrix that interchanges the 2nd with
the 4th row.
For all the above timelike (on- and off-shell), spacelike, and lightlike cases, the phase
ϕp(i, i) in (6) and (8a) becomes equal to ϕp(i, i) = +1, if p
′
0 > 0, and ϕp(i, i) = −1, if p′0 < 0.
Now, the mass terms get mapped under the supersymmetry transformation as
−m
2
γ0ijΨ˜
∗
i ∧ Ψ˜j =
−m
2
√|p2|γ0klK ik ∗Ψ˜∗i ∧K ljΨ˜j (15)
↔ m
2
√|p2|γ0klN ik ξ˜∗iN lj ξ˜j = 12 ξ˜†
(
0 m · 12
m · 12 0
)
ξ˜,
where we have employed (6) for momentum p, defined γ0 = O±γ0OT±, for p on shell, and
γ0 = γ0, otherwise, and used in the first equation in (15) that K†γ0K/
√|p2| = γ0. For
off-shell momenta, (15) is verified by recognizing that in this case ϕp(i, j) = −1. If p is
on-shell, we corroborate (15) by taking into account that γ0 is diagonal and undergoes a
5
sign flip always along with ϕp(i, i), which ensures consistency with the transformation of the
kinetic terms in (9).
For arbitrary momenta, we therefore see that the supersymmetry transformation U maps
in (2) and (5) the fermionic onto the scalar mass terms and the other way round. In addition,
comparison with (9) shows that the kinetic and the mass terms transform independently un-
der discrete supersymmetry. Observe also that the invariance of the total Lagrangian under
U is achieved without using the equations of motion. We therefore identify the discrete super-
symmetry transformation with an off-shell symmetry [14]. Incidentally, the transformation
is independent from any parameter of the theory, such as the mass, which is characteristic for
off-shell symmetries [14, 15]. In Sec. 4, we will see that this holds in the interacting theory,
too.
So far, discrete supersymmetry has been considered at the classical level, only. In the
next section, we will discuss its implications for the quantum theory.
3 Quantum Fields
In this section, we will analyze how discrete supersymmetry manifests itself at the quantum
mechanical level and see that it provides a unitary Fermi-Bose symmetry.
We begin by using the equations of motion to eliminate the auxiliary fields F and G via
F = −mA and G = −mB and consider for A,B, and the Majorana spinor Ψ the Fourier
expansions
A(x) =
∫
d3p
(2pi)32p0
[a(p)e−ipx + a†(p)eipx], (16a)
B(x) =
∫
d3p
(2pi)32p0
[b(p)e−ipx + b†(p)eipx], (16b)
Ψ(x) =
∫
d3p
(2pi)32p0
√
m (16c)
×
∑
s=± 1
2
S(Λp)[fs(p)
(
χs
χs
)
e−ipx + f †s (p)
(−χs
χs
)
eipx],
where a and b are the annihilation and a† and b† the creation operators of bosons that
satisfy the usual bosonic commutation relations, fs and f
†
s are the anticommuting fermionic
annihilation and creation operators , p0 =
√
m2 + ~p2, χ± 1
2
∈ C2, with χ†iχj = δij, and
χs = iσ
2χ∗s (for simplicity, we have set in (16c) the creation phase factor equal to one).
Inserting these expansions into the Lagrangian densities in (1) and (2), we find that the
Lagrangians for the scalar and fermionic kinetic terms Lkins and L
kin
f become in the usual
notation
Lkins = m
2
∫
d3p
(2pi)2p0
[a(p)a†(p) + b(p)b†(p)], (17a)
Lkinf = −m2
∫
d3p
(2pi)2p0
∑
s=± 1
2
fs(p)f
†
s (p), (17b)
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whereas the Lagrangians for the scalar and fermionic mass terms Lms and L
m
f take the forms
Lms = −Lkins , Lmf = −Lkinf . (17c)
In (17), we have omitted constant commutator terms, which cancel between bosons and
fermions, anyway.
Now, we can read off from (6) that the discrete supersymmetry transformation amounts
for the expansions in (16) to a untiary permutation symmetry that is given by
f †1(p)f1(p)↔ a†(p)a(p), f †2(p)f2(p)↔ b(p)†b(p). (18)
Similarly, we find from (16c) that (7) translates into
f1(p)↔ a(p), f2(p)↔ b(p),
f †1(p)↔ a†(p), f †2(p)↔ b†(p) (19)
where we have for the annihilation operators made use of the freedom to redefine the matrix
O− in the expression for K in (11) as O− → VO−, with the block-diagonal unitary matrix
V = diag(iσ2, iσ2), which leaves all previous results unchanged.
After anticommuting the fermionic operators in (18), we see that the Lagrangians in
(17) are indeed invariant under the permutation symmetry in (18). Discrete supersymmetry
therefore amounts at the quantum level to a unitary symmetry of the free theory in agreement
with Wigner’s theorem [16].
Inasmuch as discrete supersymmetry links different representations of the Lorentz group,
it is instructive to analyze its relation to Lorentz invariance. In doing so, we will follow
the example given in [17] (see also [18]). For this purpose, let us denote by W (Λ) the
unitary operator that realizes a Lorentz transformation Λ on the Hilbert space of physical
one-particle states |p, s〉 = √2Epf †s (p)|0〉, where Ep = p0. Recall that Lorentz-invariance
of the inner product 〈p, r|q, s〉 then implies that f (†)s (p) transforms under Λ as f (†)s (p) →
W (Λ)f
(†)
s (p)W−1(Λ) = [EΛp/Ep]
1
2f
(†)
s (p), where it has been assumed that the axis of spin
quantization is parallel to the boost or rotation axis [17]. Next, consider K(Ψ(x)), which is
defined Fourier-component-wise via (7). Since the matrix K eliminates in (16c) the spinor
transformation matrix S(Λp) from each Fourier coefficient Ψ˜(p), we find that
W (Λ)K(Ψ(x))W−1(Λ) = K(Ψ(Λx)), (20)
that is, K(Ψ(x)) transforms (passively) as a scalar under the Lorentz group. As illustrated
by the quiver representation in Fig. 1, the mapping K can therefore be viewed as sending the
Lorentz spinor Ψ(x) onto a subspace of C4 that contains Lorentz-singlets. This also implies
that the Lorentz group is an isomorphism of the quiver representation.
Correspondingly, after integrating out the auxiliary fields, it follows from (16a) and (16b)
that R(ξ), where R ≡ K−1 ◦N , transforms as a spinor:
W (Λ)R(ξ(x))W−1(Λ) = S−1(Λ)R(ξ(Λx)). (21)
Discrete supersymmetry maps therefore Lorentz-invariant operators constructed from ξ and
Ψ onto operators that are again Lorentz-invariant.
Until now, we have discussed discrete supersymmetry for the free theory, only. In the
next section, we will show how it carries over to the interacting theory for the case of a
renormalizable bosonic interaction between the fermions.
7
4 Interactions
In this section, we will include an interaction for the discrete supersymmetry model. For
simplicity, we will first confine ourselves to a Yukawa interaction, which serves as a simple
representative for the known interactions mediated by bosons, such as the Higgs and the
gauge bosons in the standard model. In the following, we will work in the interaction
picture (see, however, [19]).
To implement a Yukawa interaction, we introduce a copy of the matter sector discussed in
Sec. 2. This new sector is described by representations with scalar and fermionic Lagrangians
L′s and L′f that are identical with those given in (2) and (5), but where all fields are now
replaced by new, primed fields A′, B′ (along with the corresponding auxiliary fields F ′ and
G′) and Ψ′, which have a primed mass m′, and so on. This sector is then invariant under
the discrete supersymmetry transformation (6), formulated for the primed fields.
We let the primed sector couple to the fermion Ψ, introduced in Sec. 2, via the Yukawa
interaction
LY = 1
2
η∗l ξ
′lγ0ijΨ
∗
i ∧Ψj + h.c., (22)
where
(ηl) = (m
′ηa,m′ηb, ηc, ηd), (23)
for complex ηa, ηb, ηc, and ηd. In (22), the scalar field ξ
′ is defined in complete analogy with
(4).
Applying the equations of motion F ′ = −m′A′ and G′ = −m′B′ to eliminate the primed
auxiliary fields, we see that (22) reduces to the usual form for a Yukawa interaction with
two real scalar fields
LY = (YaA′ + YbB′)γ0ijΨ∗i ∧Ψj, (24)
where Ya = Re(ηa − ηc) and Yb = Re(ηb − ηd). In momentum space, the Yukawa interaction
takes the form ∫
d4xLY = 1
2
∫
d4k d4p d4q
(2pi)8
δ(4)(k + p+ q)
× η∗l ξ˜′(k)lγ0ijΨ˜(p)∗i ∧ Ψ˜(q)j + h.c. (25)
From (7), we obtain that LY is mapped by the discrete supersymmetry transformation onto
a new interaction LY for ξ that is in momentum space given by∫
d4xLY = 1
2
∫
d4k d4p d4q
(2pi)8
δ(4)(k + p+ q) (26)
× η∗lR−1(Ψ˜′(k))lγ0ijR(ξ˜(p))∗iR(ξ˜(q))j + h.c.,
which contains on shell only a single three-dimensional momentum conservation delta func-
tion and R has been defined before (21). The new interaction can be written in configuration
space as
LY(x) = 1
2
η∗lR
−1(Ψ′(x))lγ0ijR(ξ(x))
∗
iR(ξ(x))
j + h.c.,
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where all fields are taken at the same spacetime point, x, and R and R−1 are interpreted as
functions of derivatives. A subsequent supersymmetry transformation then leads from LY
back to the interaction LY.
From our discussion in Sec. 3, we see that the interaction LY for the quantized fields is
Lorentz-invariant. For the expansions in (16), it also follows that discrete supersymmetry
provides a unitary symmetry between LY and LY. Moreover, by applying discrete super-
symmetry to the Hamiltonian density H that corresponds to Lf + Lf + LY, we find that
the interaction Hamiltonian density of the supersymmetric partner fields, Hint, is, as usual,
given by Hint = −LY, which can be used for a Dyson series expansion of the S-matrix (for
a pedagogical discussion concerning the possible different types of interaction Hamiltoni-
ans, see [20]). Note also that since the operator W (Λ) (see Sec. 3) commmutes with the
symmetry transformations in (19), we find from the S-matrix expansion (cf. Sec. 5) that if
W †(Λ)SW (Λ) = S, where S is the S-matrix for the Yukawa interaction Hamiltonian Hint,
the S-matrix for the new interaction Hint will commute with Lorentz transformations, too.
Interaction Lagrangians that are qualitatively similar to LY have been studied in [21]. Let
us emphasize, nonetheless, that we are not restricted to this kind of tri-linear interactions.
Instead, we could assume other types of interactions, such as in the Nambu-Jona-Lasinio
model [22], which would predict from the symmetry new interaction Lagrangians that involve,
for example, only scalar fields. To be definite, we shall nevertheless stick in the following
mainly to the Yukawa interaction outlined above.
The total matter Lagrangian density of the interacting model, invariant under discrete
supersymmetry, therefore reads
Lm = Lf + L′s + LY︸ ︷︷ ︸
ordinary fields
+Ls + L′f + LY︸ ︷︷ ︸
superpartners
,
where Lf,L′s, and LY define a visible sector of ordinary fields and Ls,L′f, and LY a new,
dark sector of superpartner fields. The subscript “m” stands for “matter”, that is, the
non-gravitational part of the Lagrangian. In the standard model, the fermion Ψ represents
our usual matter fields, that is, the quarks and leptons, whereas their scalar superpartners,
corresponding to ξ, are mass degenerate, but cannot be observed directly, for there are no
direct interactions between the usual fields and the exotics. This is the central feature that
allows discrete supersymmetry to be left unbroken, without running into immediate conflict
with observation. In the standard model, for example, the photon would be replaced in
the dark sector by a fermionic superpartner that interacts only with the dark sector. This
implies, for example, that gauge coupling unification in the discrete supersymmetric theory
would be just as in the standard model.
In the minimal formulation, the new fields interact with the ordinary ones only via gravity
with couplings that are suppressed by the Planck scale MPl ' 1018 GeV. It may therefore be
possible to probe the new predicted particles, for example, for a lowered Planck scale [23,24].
Moreover, extra messenger fields could, similar to gravity, communicate between the ordinary
and the new fields and lead to additional observable effects.
To establish an interaction between the usual and their superpartner fields in this way,
let us assume that ξ′ couples to ξ as
Lλ = −λ∗l ξ′lγ0ijξiξj + h.c., (27)
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Ψ ξ
Ψ
ξ′
ξ
(a)
Ψ ξ
Ψ
Ψ′
ξ
(b)
Figure 2: Communication between ordinary and their superpartner fields. Discrete super-
symmetry predicts from the couplings in (a) the new interactions in (b).
where λ′ is a 4-component object similar to η′. The vertices for Lλ and LY are shown in
Fig. 2 (a). (We adopt the convention that a double line represents a Majorana fermion.
Feynman rules for Majorana fermions are discussed, for example, in [25–28].) Similarly to
(26), discrete supersymmetry then predicts from Lλ a new interaction Lλ among the ordinary
fields that reads in momentum space∫
d4xLλ =
∫
d4k d4p d4q
(2pi)8
δ(4)(k + p+ q) (28)
×λ∗lR−1(Ψ˜′(k))lγ0ijR−1(Ψ˜(p))∗iR−1(Ψ˜(q))j + h.c.,
which is, again, seen to be Lorentz-invariant when inserting the field expansions in (16) and
contains on shell only one single three-dimensional momentum conservation delta function.
The vertices for Lλ and LY are depicted in Fig. 2 (b). Depending on the structure of Lλ,
there are, of course, more general possibilities for the coupling between Ψ and Ψ′ than in (28),
such as vector- and axial-vector couplings, which could be phenomenologically interesting,
but we will not further expand on this here.
Observe that the coupling λ can be naturally small in an extension of the model where,
for instance, the visible sector contains two generations of Dirac fermions Ψ1 and Ψ2. If, for
example, Ψ1,Ψ2, and ξ
′ carry the charges +1,+2, and −1 under some cyclic group G = Zn
(n ≥ 3), the fermions Ψ1 and Ψ2 will have nonzero Dirac masses and exhibit a renormalizable
Yukawa interaction similar to (22). At the same time, the scalar superpartners for Ψ1 and
Ψ2 can have charges that are different from the fermions if G does not commute with discrete
supersymmetry. In such a case, the coupling λ can be forbidden by requiring, for example,
that the sfermions be singlets under G. A small non-vanishing λ would then result if G is
only approximately conserved [29].
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Ψξ′
Ψ
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ξ
Ψ′
ξ
ξ
(b)
Figure 3: Fermion (a) and sfermion (b) self-energies for the fields Ψ and ξ in the discrete
supersymmetry model at one loop.
Further interactions between the visible and the dark sector could come from quartic
terms that mix visible scalar fields with dark sfermions. In the standard model, the only
visible such scalar is the Higgs field. Theoretical uncertainties in the branching ratios of
the Higgs (such as H → γγ) are of the order 5%, which will be hard to accomplish at
the LHC [30]. A tuning of the quartic couplings roughly at the 1%-level (or a little less)
should therefore be sufficient to escape experimental bounds in the near future. This degree
of fine-tuning is, however, utterly insignificant as compared with the at least 60 orders of
magnitude that discrete supersymmetry improves upon the cosmological fine-tuning-problem
of the standard model (see Sec. 6.2) and can therefore be neglected safely.
One feature of the current model is that since quartic self-interactions are absent, the
scalar superpartner sector would not suffer from the problem of quadratic divergencies, which
destabilize the masses in usual scalar field theories. The behavior of the mass operators at
the loop level in our model will be discussed in the next section.
5 Loop Corrections
We will now now analyze in how far the predictions of discrete supersymmetry are stable
under quantum corrections by studying the running of the boson and fermion masses. As a
consequence of the structure of the supersymmetric couplings, we will argue that fermions
and their scalar superpartner fields exhibit the same running mass parameters at one loop,
which means that the classical Fermi-Bose mass degeneracy described by discrete supersym-
metry remains intact at the quantum level.
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Ψ ξ′ Ψ
Figure 4: One-loop correction to the fermion mass operator 1
2
mΨi ∧ Ψi. The dot denotes
the fermion mass insertion.
The one-loop corrections to the fermion and sfermion propagators in the discrete model
are shown in Fig. 3. While Fig. 3 (a) displays the usual fermion self-energy in standard
Yukawa theory, Fig. 3 (b) represents the one-loop diagram arising in the dark sector. In
the Wess-Zumino model, the quadratic divergence of the sfermion mass famously cancels
the divergence coming from the sfermion mass correction involving a fermion loop. These
quadratically divergent diagrams are absent in the minimal discrete supersymmetry model,
which has no scalar quartic term or a sfermion-fermion-fermion coupling. The scalar sector is,
therefore, free from the usual problem of quadratic divergencies. Instead, both the diagrams
in Fig. 3 are only logarithmically divergent, just as the corresponding one-loop diagrams
responsible for the running of the masses in the Wess-Zumino model.
In the visible sector, we calculate the running of the fermion mass by treating the fermion
mass operator as a small perturbation to the massless theory [31]. To this end, let us write
Lf as
Lf = i
2
γµijΨi ∧ ∂µΨj −
1
2
m′Ψi ∧Ψi
+
i
2
δ2γ
µi
jΨi ∧ ∂µΨj −
1
2
δm′Ψi ∧Ψi
− 1
2
mΨi ∧Ψi − 1
2
mδΨΨΨi ∧Ψi, (29)
where m′ is the “underlying mass”, which is renormalized to zero, δ2 is the counterterm for
the fermion field strength renormalization, δm′ is the mass counterterm for m
′, and δΨΨ is
the counterterm for the fermion mass operator 1
2
mΨi∧Ψi. From Fig. 3 (a) and the one-loop
correction to the mass operator shown in Fig. 4, we obtain in dimensional regularization
δ2 = −2 η
Tη
(4pi)2
Γ(2− d/2)
(µ2)2−d/2
, δΨΨ = −2δ2, (30)
where Γ is the gamma function, µ the renormalization scale, and d→ 4. The counterterms δ2
and δΨΨ are, respectively, 4 and −4 times the corresponding result for a Dirac fermion with
gauge interaction. As a result, the anomalous dimension γΨΨ of the fermion mass operator
is to one-loop order given by
γΨΨ = µ
∂
∂µ
(−δΨΨ + δ2) =
12
(4pi)2
(Y 2A + Y
2
B). (31)
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To leading order in the Yukawa couplings, the running (effective) fermion mass therefore
reads
m(Q) = m
(
1 + γΨΨln(Q/µ)
)
, (32)
where Q is the momentum scale at which the effective mass is evaluated, m = m(µ), and
γΨΨ is given in (31).
Let us next consider the running of the scalar mass in the dark sector. The two-point
Green’s function in the dark sector is, as usual,
G(x, y) =
〈0|T{ξ(x)ξ(y)S}|0〉
〈0|S|0〉 , (33)
where T is the time-ordering operator and S denotes the S-matrix in the dark sector, which
exhibits a Dyson series for HY(t) = −
∫
d3xLY(x) (cf. Sec. 4) that can be written as
S =
∞∑
n=0
(−i)n
∫ ∞
−∞
dt1
∫ t1
−∞
dt2 . . .
∫ tn−1
−∞
dtn
×HY(t1)HY(t2) . . . HY(tn). (34)
From the free part of the theory it follows that discrete supersymmetry maps in momentum
space the fermionic and scalar propagators as
SF(p)→ R−1†SF(p)R−1, ∆′(p)→ R†∆′(p)R, (35)
where SF(p) and ∆
′(p) are the propagators of Ψ and ξ′, respectively, and R = K−1N has
been introduced in (21) and is evaluated at the momentum p. Simultaneously, the fermion
mass terms get transformed as in (15), where N can be equivalently replaced by R, and
the Yukawa coupling as in (26). The counterterms are mapped correspondingly under the
discrete supersymmetry transformation.
After application of Wick’s theorem and insertion of the above expressions into (33) in
momentum space, it is seen that the matrices R and R−1 drop out of the loop integrals
associated with Fig. 3 (b) and the diagram analogous to Fig. 4 for the mass correction of ξ.
This is because the matrices R and R−1 that multiply the couplings in the dark sector get
divided out by respective factors R−1 and R coming from the internal lines in (35) that are
attached to them.
As a consequence, the Green’s function (33) in the dark sector is reduced to the fermionic
two-point function in the visible sector. The dependence of the scalar two-point function on
η, m, and µ is, therefore, equal to that for the fermion. This implies that the fermion Ψ and
its scalar superpartner ξ satisfy the same Callan-Symanzik equation and that they have, in
particular, identical anomalous dimensions.
We thus infer that the scalar mass parameter m in (1) and (5) will evolve exactly as
the fermion mass. At one-loop, the running masses of the scalars A and B are, accordingly,
degenerate with the fermion mass m(Q) given in (32). As a consequence, when invariance
of the total Lagrangian under discrete supersymmetry is imposed at some energy scale, the
Fermi-Bose mass degeneracy remains intact under renormalization group running.
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This result is, in fact, as expected: Since discrete supersymmetry has not been gauged,
anomalies are absent, when ignoring wormhole effects [32]. The classical symmetry ensuring
the Fermi-Bose mass degeneracy must therefore carry over to the quantum theory. Of course,
it would be important to investigate further the relation of discrete supersymmetry to the
usual perturbative non-renormalization theorems [33]. Such a discussion, however, would
require an extended analysis that has to be left for elsewhere.
So far, we have been focussing on the microscopic behavior of discrete supersymmetry.
In the next section, we will analyze its impact on cosmology.
6 Cosmological Implications
Next, we will briefly discuss the impact of discrete supersymmetry on cosmology. In this
respect, our model may be relevant in at least two ways: dark matter [34–36] (for an overview,
see, for example, [37,38]) and dark energy [2–4].
6.1 Dark Matter
First, the dark sector provides stable scalar or fermionic matter species with masses m and
m′. In an analogous construction for the SM, m and m′ are then expected to be of the
order . 1 GeV, which lies in the range of light dark matter (LDM) [39]. Furthermore, this
matter resides in a sector that interacts, in the minimal formulation, only super-weakly with
the visible sector fields through gravity. The matter in the dark sector could, thus, provide
super-WIMPs [40] as candidates for LDM, similar to scenarios of mirror dark matter [41].
As in models where the gravitino serves as dark matter, it may be necessary that the super-
WIMPs result in our case from the decay of a next-to-lightest supersymmetry particle.
If we switch on an extra interaction between the visible and the dark sector as described
in Sec. 4, the Lee-Weinberg bound [42] indicates that the mass m′ of the associated mediator
particle should be lighter than the Z-boson mass. The interaction with the hidden sector
would then correspond to a new, “dark force” [43,44].
Note that the observed difference in the baryonic and dark matter relic densities ΩB '
0.05 and ΩDM ' 0.25 does not imply that discrete supersymmetry would be broken. This
is because the Witten index [45], telling us whether supersymmetry is broken or not, counts
only the difference between the zero fermionic and bosonic energy states and is independent
from the actual occupation numbers of bosons and fermions.
The dark matter relic density could, in fact, be understood in a variant of spontaneous
baryogenesis [46] for the dark matter sector. In this scenario, a new inflaton-type scalar field
φ couples to a dark matter current, thereby introducing a chemical potential for dark matter,
when φ is initially displaced from its equilibrium point. Different initial conditions for the
fields and their supersymmetric partners could then account for the distinct relic densities
of ordinary and dark matter while leaving discrete supersymmetry unbroken.
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6.2 Dark Energy
Ever since its inception, it has been known that the enhanced UV behavior of unbroken su-
persymmetry may be related to the cosmological constant problem [47]. As a matter of fact,
a bare cosmological constant receives contributions from the vacuum energy ρ = 〈0|T 00|0〉,
where T 00 denotes the 00-component of the stress-energy tensor T µν = 2(δLm/δgµν)+gµνLm,
with the metric gµν , for the (non-gravitational) matter fields [48]. Now, continuous super-
symmetry [11,25,49–54], when unbroken, implies that the vacuum energy is zero.
Vanishing contributions to the vacuum energy are, however, not a hallmark of unbroken
continuous supersymmetry only, but may also appear in discrete supersymmetry. In order
to see this, let us repeat Pauli’s argument [55] (cf. [56]): The vacuum energy for a particle
with spin j and mass mj is
ρ =
1
2
(−1)2j(2j + 1)
∫
d3k
√
k2 +m2j (36)
=
pi
2
(−1)2j(2j + 1)
[
Λ4 +m2jΛ
2 −m4j log
(2Λ
mj
)
+O
( 1
Λ
)]
,
where Λ is the momentum cutoff. Hence, for a compensation of the quartic, quadratic, and
logarithmic, divergence one needs∑
j(−1)2j(2j + 1) = 0,
∑
j(−1)2j(2j + 1)m2j = 0,
and
∑
j(−1)2j(2j + 1)m4j = 0. (37)
This requires that the number of bosonic and fermionic degrees of freedom be equal, and
the boson and fermion masses be degenerate. Since these conditions seem to be met in the
discrete supersymmetry model at zero temperature, the contributions from matter quantum
fluctuations to the cosmological constant might indeed cancel in our construction.
We then conclude that discrete supersymmetry reduces, even in presence of potential
energy contributions at the electroweak scaleMEW ' 102GeV, the ratio between the expected
and the observed vacuum energy density in the universe ρ ' 10−47 (GeV)4 [2–4] by more
than 60 orders of magnitude, since
(MPl)
4/ρ ' 10119 → (MEW)4/ρ ' 1055. (38)
Discrete supersymmetry therefore goes, in the exponent, half the way in scaling down the
huge mismatch between the expected and the actual value of the cosmological constant.
Unbroken discrete supersymmetry may go even further by constraining the forms of the
allowed scalar potentials and, thus, the possible contributions to the vacuum energy from
potential energies. To see this, assume that at zero temperature the lowest energy of the
Fermi-Bose system is given by a local minimum of the scalar potential and consider at some
energy scale two local minima that preserve discrete supersymmetry. Now, as a consequence
of the unbroken symmetry, the potential exhibits a dependence on the fluctuations around
the values of the scalar field that is identical for both the expansions around the two min-
ima. Therefore, if the potential is analytic and bounded from below, the potential energy
differences between these minima will vanish, that is, the minima with unbroken discrete
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supersymmetry must be degenerate. This means that the contributions to the cosmological
constant on the right-hand side in (38) coming from potential energy differences between the
distinct supersymmetric minima are further reduced in the presence of discrete supersym-
metry. Similar arguments would also apply to the contributions from fermion condensates
that arise due to dynamical symmetry breaking during a deconfinement-confinement phase
transition, such as in QCD, provided that discrete supersymmetry remains indeed unbroken
at low energies.
7 Conclusions
We have seen that a model with discrete supersymmetry yields a mechanism to have more
matter and less vacuum energy and, thus, to address the combined dark matter and cosmo-
logical constant problems. One could have worried that the running of the visible and dark
matter masses might introduce a breaking of the Fermi-Bose mass degeneracy established
by discrete supersymmetry at the classical level, but this is not the case. At the quantum
level, dangerous new interactions such as large flavor changing neutral currents, as in con-
tinuous supersymmetry [57], or Lorentz-violating couplings are absent. Instead, the model
is in perfect agreement with the non-observation of superpartners at the LHC and other
experiments [58–61].
Discrete supersymmetry combines the advantages of continuous supersymmetry and
gauge mirror models [62, 63] or proposals involving a ghost sector [64, 65], but differs from
these also fundamentally. First, there have been several intriguing suggestions to solve the
cosmological constant problem using unbroken continuous supersymmetry [66,67], but these
usually rely on other than four dimensions. Next, while mirror models can include a discrete
exchange symmetry between the standard model and the mirror sector, this kind of symme-
try can only connect particles that have the same spin and norm, and would not guarantee
a cancellation between the vacuum energies coming from the mirror universes. In scenar-
ios with a ghost sector, on the other hand, a discrete symmetry, “energy parity”, between
usual and ghost fields could account for the cosmological constant problem, but seems to
require a low-energy modification of gravity to prohibit rapid vacuum decay [68, 69]. Dis-
crete supersymmetry transformations that may yield a small cosmological constant have
also been proposed in string theory and brane models, but these are either limited to a
graviton-dilatino-sector and do not apply to the full low-energy theory [70] or demand solely
gravitational interactions between the usual fields [71] .
Different from the continuous case, a Grassmann-valued supersymmetry parameter is ab-
sent. Our model shares this aspect with continuous unitary supersymmetry [72], but avoids
leading from purely bosonic or fermionic states to a superposition of states of even and odd
fermion numbers, which are forbidden by a superselection rule. When comparing, on the
other hand, with the possible continuous supercharges as given by the Haag-Lopuszanski-
Sohnius theorem [73], one has to bear in mind that the fermionic symmetry generators
“carry a representation” [15] of the bosonic generators. The latter are, in continuous su-
persymmetry, fixed by the Coleman-Mandula theorem [74], which deals with infinitesimal
symmetries that are described by a Lie algebra (for a detailed discussion see [75]) and is
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not applicable to discrete symmetries. Since in our case the generators are discrete, the
conventional description and classification of the supercharges does, therefore, not apply to
discrete supersymmetry.
The discrete supersymmetry transformation is linear, independent from any parameter
in the Lagrangian and transforms the kinetic, mass, and interaction terms independently. In
fact, discrete supersymmetry possesses an off-shell formulation, which facilitates the appli-
cation of supersymmetric Ward identities and is necessary for a manifestly supersymmetric
quantization [14]. Actually, in our model, we have applied discrete supersymmetry to sim-
plify loop calculations in the dark matter sector.
It can be shown that unbroken discrete supersymmetry ensures at zero temperature
that the potential energy differences between supersymmetric minima of the scalar potential
vanish. On the other hand, an investigation of how the implications of supersymmetric
QCD [76] for the vacuum energy can be represented in the discrete model would be called
for in some future work. Also, in order to explain the non-zero vacuum energy density in the
universe of the order 10−47 (GeV)4, one may invoke additional ideas [77]. We nevertheless
share the position that the true problem is not to understand the actual nonzero value of
the cosmological constant, but why it is not at least 60 orders of magnitude larger [78].
It is clear that our mechanism can be applied in the same fashion to the actual standard
model fields and their interactions without difficulty, and supersymmetry guarantees that
the feature of canceling vacuum energies is still intact. The same applies to extensions of the
standard model, such as unified field theories [79]. One may now ask how to combine the ad-
vantages of discrete supersymmetry with continuous supersymmetry. We have nothing new
to say about continuous supersymmetry; one could, thus, use the minimal supersymmet-
ric standard model [80], or variants thereof, with a discrete supersymmetry copy to cancel
vacuum energies. This allows also to ensure enhanced gauge coupling unification [81] and
have extra sources for dark matter. Notwithstanding, considering the recent discovery of the
Higgs boson, the gauge hierarchy problem could in our construction also be addressed by
alternative mass generation mechanisms [22,82], where the Higgs is a composite field [83–85].
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